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It is shown that using a speciﬁc semigroup, the S-expansion of the AdS Lie algebra leads to
a generalization of the so(D − 1,1) ⊕ so(D − 1,2) algebras, which are called generalized AdS-Lorentz
algebras.
The generalized Inönü–Wigner contraction of the generalized AdS-Lorentz algebras provides the so-called
Bm algebras. The B4 algebra corresponds to the so-called Maxwell algebra. The Bm algebras can be also
obtained by S-expansion of the AdS Lie algebra when we use a semigroup endowed with a multiplication
law different from the law of multiplication of semigroup above.
Chern–Simons as well as Born–Infeld gravities actions, which in a certain limit contain the Einstein–
Hilbert Lagrangian with a cosmological term, are also constructed.
© 2013 Elsevier B.V. All rights reserved.1. Introduction
The Lie algebra expansion procedure was introduced for the
ﬁrst time in Ref. [1], and subsequently studied in general in
Refs. [2–4]. The expansion procedure is different from the Inönü–
Wigner contraction method albeit, when the algebra dimension
does not change in the process, it may lead to a simple Inönü–
Wigner or Inönü–Wigner generalized contraction in the sense of
Weimar-Woods. Furthermore, the algebras to which it leads have
in general higher dimension than the original one, in which case
they cannot be related to it by any contraction or deformation pro-
cess.
The expansion method proposed in Refs. [1,2] consists in con-
sidering the original algebra as described by its associated Maurer–
Cartan forms on the group manifold. Some of the group parameters
are rescaled by a factor λ, and the Maurer–Cartan forms are ex-
panded as a power series in λ. This series is ﬁnally truncated in
a way that assures the closure of the expanded algebra.
In Refs. [5–7] it was proposed a natural outgrowth of power se-
ries expansion method, which is based on combining the structure
constant of the algebra (G) with the inner law of a semigroup S in
order to deﬁne the Lie bracket of a new S-expanded algebra.
Theorem 1 of Ref. [2] shows that, in the more general case, the
expanded Lie algebra has the structure constants
C (C,k)
(A,i)(B j) =
{
0 when i + j = k,
CCAB when i + j = k,
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and N is the truncation order. These structure constants can also
be obtained within the S-expansion procedure. In order to achieve
this, one must consider the 0S -reduction of an S-expanded alge-
bra where S corresponds to the semigroup. The Maurer–Cartan
forms power series expansion of an algebra G , with truncation
order N , coincides with the 0S -reduction of the S
(N)
E -expanded al-
gebra (see Ref. [5]). This is of course no coincidence. The set of
powers of the rescaling parameter λ, together with the truncation
at order N , satisfy precisely the multiplication law of S(N)E . As a
matter of fact, we have λαλβ = λα+β and the truncation can be
imposed as λα = 0 when α > N . It is for this reason that one must
demand 0S T A = 0 in order to obtain the Maurer–Cartan expansion
as an S(N)E -expansion: in this case the zero of the semigroup is the
zero of the ﬁeld as well.
The S-expansion procedure is valid no matter what the struc-
ture of the original G Lie algebra is, and in this sense it is very
general. However, when something about the structure of G is
known, a lot more can be done. As an example, in the context of
the Maurer–Cartan expansion, the rescaling and truncation can be
performed in several ways depending on the structure of G , lead-
ing to several kinds of expanded algebras. Important examples of
this are the generalized Inönü–Wigner contraction, or the M al-
gebra as an expansion of osp(32|1) (see Refs. [2,3]). This is also
the case in the context of S-expansions. When some information
about the structure of G is available, it is possible to ﬁnd sub-
algebras of G(E) = S(N)E × G and other kinds of reduced algebras.
In this way, all the algebras obtained by the Maurer–Cartan ex-
pansion procedure can be reobtained. New kinds of S-expanded
algebras can also be obtained by considering semigroups different
from S(N) .E
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allows to construct the Chern–Simons gravities in odd dimen-
sions invariant under an algebra referred to as Bm-algebra and
Born–Infeld gravities in even dimensions [10–13] invariant under
a certain subalgebra of the Bm-algebra, leading to general relativ-
ity in a certain limit. The so-called Bm-algebras, which could be
also called “generalized Poincaré algebras”, were constructed from
the AdS-algebra and a particular semigroup known as the semi-
group S(N)E = {λα}N+1α=0 , which is endowed with the multiplication
rule λαλβ = λα+β if α +β  N +1; λαλβ = λN+1 if α +β > N +1.
As was shown in Refs. [5–7], the choice of this algebra is cru-
cial since it permits to construct a Chern–Simons Lagrangian which
leads to the Einstein–Hilbert Lagrangian in a certain limit.
On the other hand, in Ref. [14] it was shown that the so-called
semisimple extended Poincaré so(D − 1,1) ⊕ so(D − 1,2) algebra
[15–17] in D dimensions can be obtained from the Anti-de-Sitter
algebra so(D − 1,2) by means of the S-expansion procedure with
a semigroup which will now be called S(2)M . The so(D − 1,1) ⊕
so(D − 1,2) algebra, which we will call AdS-Lorentz algebra (also
called AdS-Maxwell algebra in Ref. [18]), is given by the direct sum
of the D-dimensional Lorentz algebra and the D-dimensional AdS
algebra, which is related to the so-called Maxwell algebra [19,
20] via a contraction process. Actually the Maxwell algebra can
be obtained by a generalized Inönü–Wigner contraction [21,22] of
so(D − 1,1) ⊕ so(D − 1,2) algebra [23].
This Letter is organized as follows: In Section 2 it is shown that
the S-expansion resonant of the AdS Lie algebra leads to a gener-
alization of the so(D − 1,1) ⊕ so(D − 1,2) algebras when we use
S(N)M = {λα}Nα=0 as semigroup, which is endowed with the multi-
plication rule λαλβ = λα+β if α + β  N; λαλβ = λα+β−2[(N+1)/2]
if α + β > N .
In Section 3 it is shown that the algebras B3 (Poincaré algebra),
B4 (Maxwell algebra), . . . ,Bm can be obtained by a Inönü–Wigner
generalized contraction of the generalized so(D − 1,1) ⊕ so(D −
1,2) algebras, which are also denoted by AdSLm .
In Section 4 it is shown that the dual procedure of S-expansion
allows us to ﬁnd actions for Chern–Simons and Born–Infeld gravi-
ties theories, which in a certain limit, contain the Einstein–Hilbert
Lagrangian with a cosmological term. A comment about possible
developments and Appendix A concludes the work.
2. Generalized so(D − 1,1) ⊕ so(D − 1,2) algebras
In this section we show that the resonant S-expansion of the
AdS Lie algebra with the semigroup S(N)M leads to a generalization
of the so(D − 1,1) ⊕ so(D − 1,2) algebras which will be denoted
by AdSLm .
2.1. S(N)M -expansion of the AdS Lie algebra
Let us consider the semigroup S(N)M whose elements are
S(N)M = {λα,α = 0, . . . ,N} (1)
endowed with the multiplication rule
λαλβ =
{
λα+β si α + β  N,
λα+β−2[ N+12 ] si α + β > N,
where [x] is the integer part of x. Note that for N odd, S(N)M corre-
sponds to the cyclic group of (N + 1) elements ZN+1.
2.1.1. Expansion with S(1)M
Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(1) = Z2 =M{λ0, λ1}. After extracting a resonant subalgebra, one ﬁnds the
AdSL3-algebra which coincides with the AdS algebra.
2.1.2. Expansion with S(2)M
Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(2)M = {λ0, λ1, λ2}
endowed with the multiplication rule λαλβ = λα+β if α + β  2;
λαλβ = λα+β−2 if α + β > 2. After extracting a resonant sub-
algebra, one ﬁnds the AdSL4-algebra, which coincides with the
so(D − 1,1) ⊕ so(D − 1,2) algebra of Refs. [16,14], whose genera-
tors satisfy the following commutation relations
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb; [Pa, Pb] = Zab,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac,
[Zab, Pc] = ηbc Pa − ηac Pb,
[Zab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac . (2)
This algebra was also re-obtained in Ref. [24] from Maxwell al-
gebra through a procedure known as deformation of algebras.
2.1.3. Expansion with S(3)M
Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(3)M = Z4 ={λ0, λ1, λ2, λ3} endowed with the multiplication rule λαλβ = λα+β
if α + β  3; λαλβ = λα+β−4 if α + β > 3. After extracting a res-
onant subalgebra, one ﬁnds the AdSL5-algebra, whose generators
satisfy the following commutation relations
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac,
[ Jab, Zc] = ηbc Za − ηac Zb; [Pa, Pb] = Zab,
[Zab, Pc] = ηbc Za − ηac Zb; [Pa, Zb] = Jab,
[Zab, Zcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[Zab, Zc] = ηbc Pa − ηac Pb; [Za, Zb] = Zab. (3)
2.1.4. Expansion with S(4)M
Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(4)M = {λ0, λ1, λ2,
λ3, λ4} endowed with the multiplication rule λαλβ = λα+β if α +
β  4; λαλβ = λα+β−4 if α + β > 4. After extracting a resonant
subalgebra, one ﬁnds the AdSL6-algebra, whose generators satisfy
the following commutation relations
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,[
Jab, Z
(1)
cd
]= ηbc Z (1)ad + ηad Z (1)bc − ηac Z (1)bd − ηbd Z (1)ac ,[
Jab, Z
(2)
cd
]= ηbc Z (2)ad + ηad Z (2)bc − ηac Z (2)bd − ηbd Z (2)ac ,
[ Jab, Pc] = ηbc Pa − ηac Pb; [ Jab, Zc] = ηbc Za − ηac Zb,[
Z (1)ab , Z
(1)
cd
]= ηbc Z (2)ad + ηad Z (2)bc − ηac Z (2)bd − ηbd Z (2)ac ,[
Z (1)ab , Z
(2)
cd
]= ηbc Z (1)ad + ηad Z (1)bc − ηac Z (1)bd − ηbd Z (1)ac ,[
Z (1)ab , Pc
]= ηbc Za − ηac Zb; [Z (1)ab , Zc]= ηbc Pa − ηac Pb,[
Z (2)ab , Z
(2)
cd
]= ηbc Z (2)ad + ηad Z (2)bc − ηac Z (2)bd − ηbd Z (2)ac ,[
Z (2)ab , Pc
]= ηbc Pa − ηac Pb; [Z (2)ab , Zc]= ηbc Za − ηac Zb,
[Pa, Pb] = Z (1)ab ; [Pa, Zb] = Z (2)ab ; [Za, Zb] = Z (1)ab . (4)
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Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(N)M = {λ0, λ1, . . . ,
λN} endowed with the multiplication rule λαλβ = λα+β if α +β 
N; λαλβ = λα+β−2[(N+1)/2] if α + β > N . After extracting a reso-
nant subalgebra, one ﬁnds the AdSLm-algebra, with N =m − 2.
Following Ref. [18] we will call generalized AdS-Lorentz algebra
to all algebra obtained from AdS algebra by means of S-expansion
process with semigroup S(N)M .
3. Bm-algebras from generalized so(D − 1,1) ⊕ so(D − 1,2)
algebras
In this section we show that the so-called B3, B4, B5, . . . ,Bm
algebras can be obtained by a generalized Inönü–Wigner contrac-
tion of the generalized so(D −1,1)⊕ so(D −1,2) algebras denoted
by AdSLm .
3.1. B3-algebra↔ Poincaré algebra
From Ref. [8] we know that the algebra B3 can be obtained
by S(1)E -expansion resonant and reduced of the AdS algebra. This
algebra, which coincides with the Poincaré algebra, can also be
obtained from AdSL3 ≡ AdS by means of a contraction of Inönü–
Wigner.
3.2. B4-algebra↔Maxwell algebra
Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(2)E = {λ0, λ1,
λ2, λ3} endowed with the multiplication rule λαλβ = λα+β if
α + β  3; λαλβ = λ3 if α + β > 4. After extracting a resonant
and reduced subalgebra, one ﬁnds the B4. This algebra, which
coincides with the Maxwell algebra [19,20], can also be obtained
from AdSL4-algebra by means of a generalized Inönü–Wigner con-
traction [23]. In fact, the rescaling Pa → λPa , Zab → λ2 Zab in (2)
provides in the limit λ → ∞ the Maxwell algebra:
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb; [Pa, Pb] = Zab,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac,
[Zab, Pc] = 0; [Zab, Zcd] = 0. (5)
This algebra (5) was also obtained in Ref. [25] using the expansion
procedure of Ref. [2].
3.3. B5-algebra
From Ref. [8] we know that the B5-algebra can be obtained
by S(3)E -expansion resonant and reduced of the AdS algebra. This
algebra can also be obtained from AdSL5-algebra by means of
a generalized Inönü–Wigner contraction [23]. In fact, the rescal-
ing Pa → λPa , Zab → λ2 Zab , Za → λ3 Za in Eq. (3) provides in the
limit λ → ∞ the B5-algebra:
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,
[ Jab, Pc] = ηbc Pa − ηac Pb,
[ Jab, Zcd] = ηbc Zad + ηad Zbc − ηac Zbd − ηbd Zac,
[ Jab, Zc] = ηbc Za − ηac Zb; [Pa, Pb] = Zab,
[Zab, Pc] = ηbc Za − ηac Zb,
[Pa, Zb] = 0; [Zab, Zcd] = 0,[Zab, Zc] = 0; [Za, Zb] = 0. (6)
3.4. B6-algebra
Following the deﬁnitions of Ref. [5] let us consider the S-expan-
sion of the Lie AdS algebra using as a semigroup S(4)E = {λ0, λ1, λ2,
λ3, λ4, λ5} endowed with the multiplication rule λαλβ = λα+β if
α + β  5; λαλβ = λ5 if α + β > 6. After extracting a resonant
and reduced subalgebra, one ﬁnds the B4. This algebra, which
coincides with the generalized Maxwell algebra of Ref. [25], can
also be obtained from AdSL6-algebra by means of a generalized
Inönü–Wigner contraction [23]. In fact, the rescaling Pa → λPa ,
Za → λ3 Za , Z (1)ab → λ2 Z (1)ab , Z (2)ab → λ4 Z (2)ab in (4) provides in the
limit λ → ∞ the B6-algebra:
[ Jab, Jcd] = ηbc Jad + ηad Jbc − ηac Jbd − ηbd Jac,[
Jab, Z
(1)
cd
]= ηbc Z (1)ad + ηad Z (1)bc − ηac Z (1)bd − ηbd Z (1)ac ,[
Jab, Z
(2)
cd
]= ηbc Z (2)ad + ηad Z (2)bc − ηac Z (2)bd − ηbd Z (2)ac ,
[ Jab, Pc] = ηbc Pa − ηac Pb,
[ Jab, Zc] = ηbc Za − ηac Zb,[
Z (1)ab , Z
(1)
cd
]= ηbc Z (2)ad + ηad Z (2)bc − ηac Z (2)bd − ηbd Z (2)ac ,[
Z (1)ab , Pc
]= ηbc Za − ηac Zb,
[Pa, Pb] = Z (1)ab ; [Pa, Zb] = Z (2)ab ,[
Z (1)ab , Z
(2)
cd
]= 0; [Z (1)ab , Zc]= 0; [Z (2)ab , Z (2)cd ]= 0,[
Z (2)ab , Pc
]= 0; [Z (2)ab , Zc]= 0; [Za, Zb] = 0. (7)
4. Chern–Simons gravity and so(D − 1,1) ⊕ so(D − 1,2)
algebras
In this section we shown that the dual procedure of S-expan-
sion allows us to ﬁnd Chern–Simons Lagrangians invariant under
the generalized so(D−1,1)⊕so(D−1,2) algebra. The correspond-
ing Chern–Simons Lagrangians invariant under B-algebra can be
obtained by a Inönü–Wigner generalized contraction.
4.1. Chern–Simons Lagrangians in D = 5 invariant under AdSL4
algebra
Using Theorem VII.2 of Ref. [5] (see Section 2), it is possible
to show that the only non-vanishing components of an invariant
tensor for the AdSL4 algebra are given by
〈 Jab Jcd Pe〉 = 43α1l
3εabcde,
〈Zab Zcd Pe〉 = 43α1l
3εabcde,
〈 Jab Zcd Pe〉 = 43α1l
3εabcde (8)
where α1 is an arbitrary constant of dimensions [length]−3.
In order to write down a Chern–Simons Lagrangian for the
AdSL4 algebra, we start from the AdSL4-valued, one-form gauge
connection
A = 1
l
ea Pa + 1
2
ωab Jab + 12k
ab Zab
and the associated two-form curvature
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2
Rab Jab + 1l
(
T a + kabeb
)
Pa
+ 1
2
(
Dωk
ab + kackcb +
1
l2
eaeb
)
Zab. (9)
Using the dual procedure of S-expansion in terms of the
Maurer–Cartan forms [7], we ﬁnd that the 5-dimensional Chern–
Simons Lagrangian invariant under the AdSL4 algebra is given by
L(AdSM4)ChS-5 = α1εabcde
{
l2RabRcdee + l2(Dωkab)(Dωkcd)ee
+ l2kaf k f bkcgkgdee +
1
5l2
eaebecedee + 2l2Rabkcf k f dee
+ 2
3
(
Dωk
ab)ecedee + 2l2Rab(Dωkcd)ee
+ 2l2(Dωkab)kcf k f dee + 23 Rabecedee
+ 2
3
kaf k
f becedee
}
. (10)
From (10) we can see that in the limit l → 0 the Lagrangian
takes the form
L(AdSM4)ChS-5 = α1εabcde
{
2
3
(
Rabecedee + (Dωkab)ecedee
+ kaf k f becedee
)+ 1
5l2
eaebecedee
}
(11)
which contains the Einstein–Hilbert Lagrangian with a cosmologi-
cal term.
5. Born–Infeld gravity and AdSL4 algebra
In this section we shown that the dual procedure of S-expan-
sion allows us to ﬁnd Born–Infeld Lagrangians [10–13] invariant
under the subalgebra LAdSL4 of AdSL4 algebra (see Appendix A).
5.1. Born–Infeld Lagrangian in D = 4 and Maxwell algebra
We begin by ﬁnding a type of Born–Infeld Lagrangian in-
variant under the subalgebra LB4 of the Maxwell algebra (see Ap-
pendix A). Using Theorem VII.2 of Ref. [5], it is possible to show
that the only non-vanishing components of an invariant tensor for
the Maxwell algebra are given by
〈 Jab Jcd〉 = α0l2εabcd,
〈 Jab Zcd〉 = α2l2εabcd
where α0,α2 are arbitrary independent constants of dimensions
[length]−2.
In order to write down the Born–Infeld type Lagrangian [10–13],
we start from the one-form gauge connection
A = 1
l
ea Pa + 1
2
ωab Jab + 12k
ab Zab
and the two-form curvature F = dA + AA
F = 1
2
Rab Jab + 1l T
a Pa + 1
2
(
Dωk
ab + 1
l2
eaeb
)
Zab
= F1 + F2 + F3 (12)
where F1 = 12 Rab Jab; F2 = 1l T a Pa; F3 = 12 (Dωkab + 1l2 eaeb)Zab .
Using the dual procedure of S-expansion in terms of the
Maurer–Cartan forms [7], we ﬁnd that the 4-dimensional Born–
Infeld Lagrangian L(B4) = 〈F F 〉 is given byB I−(4)L(B4)BI-(4) =
1
4
εabcdR
abRcd〈 Jab Jcd〉
+ 1
2
Rab
(
Dωk
cd + 1
l2
eced
)
〈 Jab Zcd〉 (13)
so that
L(B4)BI-(4) =
α0
4
l2εabcdR
abRcd + α2
2
εabcdR
abeced
+ d
[
α2
2
l2εabcdR
abkcd
]
. (14)
That is, if we do not consider boundary terms, this Lagrangian cor-
responds to the Einstein–Hilbert Lagrangian. It might be also of
interest to note that in the limit l → 0 we obtain also the Einstein–
Hilbert Lagrangian
L(M4)BI (4) =
α2
2
εabcdR
abeced. (15)
From (14) we can see that de Lagrangians L1 and L2 of
Ref. [26] correspond to the terms 〈F1F1〉 ∼ εabcdRabRcd and
〈F1F3〉 ∼ εabcdRab F cd3 . The Lagrangian L3 of Ref. [26] does not
appear in (14) because L3 corresponds to the term 〈F3F3〉 ∼
〈Zab Zcd〉.
5.2. Born–Infeld Lagrangian in D = 4 and AdSL4 algebra
Using Theorem VII.2 of Ref. [5], it is possible to show that
the only non-vanishing components of an invariant tensor for the
LAdSL4 algebra are given by
〈 Jab Jcd〉 = α0l2εabcd,
〈 Jab Zcd〉 = α2l2εabcd,
〈Zab Zcd〉 = α2l2εabcd
where α0,α2 are arbitrary independent constants of dimensions
[length]−2.
In order to write down a Born–Infeld Lagrangian for the LAdSL4
algebra, we start from the two-form curvature
F = 1
2
Rab Jab + 1l
(
T a + kabeb
)
Pa
+ 1
2
(
Dkab + kackcb +
1
l2
eaeb
)
Zab. (16)
Using the dual procedure of S-expansion in terms of the
Maurer–Cartan forms [7], we ﬁnd that the 4-dimensional Born–
Infeld Lagrangian [10–13] invariant under the LAdSL4 algebra is
given by
L(AdSL4)BI-(4) =
1
4
α0l
2εabcdR
abRcd + α2εabcd
{
1
4
l2
(
Dωk
ab)(Dωkcd)
+ 1
4
l2kaf k
f bkcgk
gd + 1
4l2
eaebeced + 1
2
l2
(
Dωk
ab)kcgkgd
+ 1
2
(
Dωk
ab)eced + 1
2
kaf k
f beced + l
2
2
RabDωk
cd
+ 1
2
l2Rabkcf k
f d + 1
2
Rabeced
}
(17)
which can be rewritten in the following way
L(AdSL4)BI-(4) =
α0l2
4
εabcdR
abRcd + α2l
2
2
εabcdR
abDωk
cd
+ α2 εabcd
{
Rabeced + 1
2
eaebeced + (Dωkab)eced2 l
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2
2
(
Dωk
ab)(Dωkcd)
}
+ α2l
2
2
εabcd
{
Rab
(
k2
)cd
+ (Dωkab)(k2)cd + 1
2
(
k2
)ab(
k2
)cd + 1
l2
(
k2
)ab
eced
}
(18)
where (k2)ab = kaf k f b .
Note that the Lagrangian L(AdSL4)BI-(4) contains the Lagrangian
L(B4)BI-(4) . In fact, from (17) we can see that
L(AdSL4)BI-(4) = L(B4)BI-(4) + α2εabcd
{
1
4
l2
(
Dωk
ab)(Dωkab)
+ 1
4
l2kaf k
f bkcgk
gd + 1
l2
eaebeced + 1
2
l2
(
Dωk
ab)kcgkgd
+ 1
2
(
Dωk
ab)eced + 1
2
kaf k
f beced + 1
2
l2Rabkcf k
f d
}
.
(19)
From (18) we can see that (i) the ﬁrst and the second terms
are an exact form; (ii) the third piece of L(AdSL4)BI-(4) corresponds, ex-
cept for numerical factors, to the Lagrangian (29) of Ref. [26] (see
also [27]); L(AdSL4)BI-(4) contains the Einstein–Hilbert Lagrangian with
a cosmological term.
6. Comments and possible developments
In the present work we have shown that: (i) The S-expansion
resonant of the AdS Lie algebra, using S(N)M = {λ0, λ2, . . . , λN} as
semigroup, leads to the AdSL3-algebra if N = 1, which coincides
with the AdS algebra; leads to the AdSL4-algebra if N = 2, which
coincides with the so(D − 1,1) ⊕ so(D − 1,2) algebra of Ref. [16];
leads to the AdSL5-algebra if N = 3; leads to the AdSL6-algebra if
N = 4; leads to the AdSLm-algebra if N = m − 2. These algebras,
obtained by expanding the AdS algebra with the semigroup S(N)M ,
are called “generalized AdS-Lorentz algebras” and are denoted by
AdSLm .
(ii) The generalized Inönü–Wigner contraction of the general-
ized AdS-Lorentz algebras leads to the B3-algebra if N = 1, which
coincides with the Poincaré algebra; leads to the B4-algebra if
N = 2, which coincides with the Maxwell algebra; leads to the
B5-algebra if N = 3; leads to the B6-algebra if N = 4, which co-
incides with the generalized Maxwell algebra of Ref. [25]; leads to
the Bm-algebra if N =m − 2.
(iii) Using the dual procedure of S-expansion [7] can be found
Chern–Simons Lagrangians invariant under the AdS-Lorentz algebra.
In the same way the dual procedure of S-expansion allows us to
ﬁnd the Born–Infeld Lagrangian invariant both under the subalge-
bra LAdSL4 of the AdS-Lorentz algebra as under the subalgebra LB4
of the Maxwell algebra.
In this article we have used the S-expansion procedure instead
of the more traditional expansion procedure of Refs. [1,2] because
the S-expansion method turns out to be especially suitable for the
construction of Chern–Simons Lagrangians for the expanded alge-
bra. The reason is that for Chern–Simons forms, the key ingredient
in the construction is the invariant tensor.
This is seen, for example, in obtaining a Chern–Simons La-
grangian for the so-called M algebra, which is a non-semisimple
algebra, where the direct option of using the supertrace as invari-
ant tensor is not a fruitful one (see Ref. [28]): in Ref. [2] it was
shown that M algebra corresponds to an expansion of osp(32|1).
In this expansion approach, the algebra is formulated in terms of
the Maurer–Cartan forms, and therefore, the Chern–Simons formfor the M algebra must be written through a free differential al-
gebra series from the full osp(32|1)-Chern–Simons form. The ob-
taining of an invariant tensor for M algebra from there proves to
be non-trivial. This approach focuses on constructing directly the
Chern–Simons form.
In Ref. [28] it was considered the S-expansion method, which
focuses on the construction of the invariant tensor. This proce-
dure, developed in general in Ref. [5], is formulated in terms of the
original Lie algebra generators and an abelian semigroup S . Given
this original Lie algebra and the abelian semigroup as inputs, the
S-expansion method gives as output a new Lie algebra, and be-
sides it, general expressions for the invariant tensor for it in terms
of the semigroup structure.
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Appendix A. Subalgebra of so(D − 1,1) ⊕ so(D − 1,2) algebra
Following the deﬁnitions of Ref. [5], let us consider the
S-expansion of the Lie algebra SO(d − 1,1) using as a semigroup
the sub-semigroup S(2)0 = {λ0, λ2} of semigroup S(2)M . After extract-
ing the resonant subalgebra, one ﬁnds a new Lie algebra, call it
LAdSL4 which is a subalgebra of the so called so-called AdS-Lorentz
algebra, whose generators Jab = λ0 J˜ab , Zab = λ2 J˜ab satisfy the
commutation relationships
[ Jab, Jcd] = ηcb Jad − ηca Jbd + ηdb Jca − ηda Jcb,
[ Jab, Zcd] = ηcb Zad − ηca Zbd + ηdb Zca − ηda Zcb,
[Zab, Zcd] = ηcb Zad − ηca Zbd + ηdb Zca − ηda Zcb. (20)
The corresponding subalgebra LB4 of the Maxwell algebra can
be obtained by the generalized Inönü–Wigner contraction of the
LAdSL4 algebra. In fact, the rescaling Zab → λZab in (20) provides
in the limit λ → ∞ the Maxwell subalgebra LB4
[ Jab, Jcd] = ηcb Jad − ηca Jbd + ηdb Jca − ηda Jcb,
[ Jab, Zcd] = ηcb Zad − ηca Zbd + ηdb Zca − ηda Zcb,
[Zab, Zcd] = 0. (21)
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